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Determining the Ratio of the Gaussian Curvature and Bending Elastic
Moduli of Phospholipids from Q, Phase Unit Cell Dimensions

David P. Siegel

Givaudan, Inc., Cincinnati, Ohio

ABSTRACT A method is presented for measuring M, the ratio of the Gaussian (saddle splay) elastic modulus to the bending
elastic modulus of a lipid monolayer. The ratio M is determined from measurements of the equilibrium bicontinuous inverted
cubic (Qy) phase unit cell size in excess water as a function of temperature. The analysis includes the effect of a curvature
elastic term that is second-order in the Gaussian curvature, K. Preliminary results using data on DOPE-Me validate the method.
The fitted value of Mis within 8% of the value estimated in an earlier treatment. The method can be used to measure changes in
M due to addition of exogenous lipids and peptides to a host lipid system. The Gaussian elastic modulus has a substantial effect
on the stability of fusion intermediates (stalks, hemifusion diaphragms, and fusion pores). Studying the effects of peptides and
different lipids on M via this method may yield insights into how fusion protein moieties stabilize intermediates in membrane fusion
in vivo. The contribution of the KZ curvature elastic term to the free energy of @, phase and fusion pores explains some features of

fusion pore stability and dynamics, and some peculiar observations concerning the mechanism of L,/Q, phase transitions.

INTRODUCTION

The stability of Oy phases versus the L, phase is determined
by the Gaussian (saddle splay) modulus of the lipid bilayers,
which can be expressed in terms of the lipid monolayer elas-
tic properties (1—4); the spontaneous curvature (splay) Jg, the
bending modulus, &;;,, and the Gaussian (saddle splay) elastic
modulus, k, of the monolayers. One can estimate the ratio of
the monolayer Gaussian and bending elastic moduli by
measuring J; as a function of temperature and the L./QOp
phase transition temperature, Tq, (4). However, L,/Qy; tran-
sitions in phospholipids are very hysteretic (e.g., (5)), and it
can be hard to measure Tg. It is difficult to know whether or
not one is observing an effect of the additive on the transition
kinetics (i.e., on the hysteresis), or on the equilibrium tran-
sition temperature. One can measure k,, and J by appropri-
ate experiments on the equilibrium lattice constants of Hy
phases (6). Thus, one can measure small changes in &, and J
made by addition of different lipids and peptides, to infer
their effects on a process like biomembrane fusion. Ideally,
one would like to do the same sort of experiment on Qy
phases to measure k, for the same reasons.

However, the free energy of the Qy; versus the L, phase is
a more complicated function than that for the Hy; phase (7).
In addition to the Gaussian curvature energy contribution,
the contribution of chain-packing energies is more compli-
cated than in the case of the Hy phase (8). In addition, the
expression for the curvature energy of the monolayers must
include terms that are third- or fourth-order in monolayer cur-
vature, rather than only the second-order terms used in the
standard Helfrich treatment (1). This is especially true in sys-
tems with small Oy phase-unit cell constants (¢) of ~10 nm,
like the monoglycerides (9). This makes analysis of the Oy
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phase-unit cell constant, in terms of the elastic parameters,
more complicated than for the Hy; phase.

However, on the basis of recent theoretical work (3), it is
clear that the contributions of chain-packing terms should be
negligible for Qy; phases cells with large c-values like those
found in phospholipids near Tq (2040 nm (4,10)). More-
over, for systems with large values of ¢, the contributions of
higher-order curvature terms are much smaller than for
systems with smaller ¢, and the mathematical expressions are
more tractable. For example, a series expression for a term
involving the area-averaged value of the square of the
Gaussian curvature in a Qy; phase (8) requires four terms in
higher-order curvature integrals to be accurate to within 5%
for ¢ = 6 nm, but only the first term to achieve the same
accuracy for ¢ = 17 nm. Nevertheless, the higher-order terms
in the expression for the Qy; phase curvature energy still play
an important role, especially the term in the square of the
Gaussian curvature. This term imposes an equilibrium value
of c. A previous model for the free energy of the Oy phase
(4), using only the first-order term in the Gaussian curvature,
predicts indefinite shrinkage of ¢ (4). It would be helpful to
estimate the size of the higher-order terms, to gain further
insights into the factors underlying Qy; phase stability, and
into the influence of these terms on fusion pore dynamics
(discussed below).

In the present treatment, contributions to the curvature
energy that are third- and fourth-order in monolayer cur-
vature are used. An expression is derived for the equilibrium
value of the Oy phase-unit cell constant in excess water, Ceq,
as a function of J (which is a function of the temperature).
By fits to plots of c.4 versus a function of J,, one can
determine the ratio of the Gaussian and bending elastic
moduli of the system, as well as measure the coefficients of
the term that is second-order in Gaussian curvature. Analysis
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of the c.q data for DOPE-Me in Cherezov et al. (5) and com-
parison with an earlier estimate by Siegel and Kozlov (4)
validates the treatment.

The results have two important implications. First, the
method can be used to determine the effects of exogenous
lipids and peptides on k. The value « has a substantial
influence on the curvature energy of intermediates in mem-
brane fusion (4,11), and of topologically complicated mem-
brane structures in organelles (12). The exact mode of action
of moieties of fusion-modulating proteins in catalyzing
fusion is still not clear. It has been proposed that these moi-
eties (e.g., fusion peptides, transmembrane peptides) act in
part by changing  (13,14), and the present method offers a
way to test this hypothesis. Second, as shown in this article,
the higher-order Gaussian curvature terms influence the
energies and equilibrium dimensions of fusion pores. Fusion
pores are intermediates in L,/Qy phase transitions (4,5,13). It
is shown that there is essentially no driving force for opening
of nascent fusion pores in tension-free membranes beyond
a water channel radius of 2—4 nm. This may be relevant to the
function of viral fusion proteins: it is now clear that one
function of these proteins is to ensure that nascent fusion-
pores open to sizes where they cannot easily revert to earlier
intermediates in the fusion process (see (15) for a review).

Finally, the predicted dimensions of fusion pores in mul-
tilamellar arrays have implications for the mechanism of the
L./Q1 phase transition. The results may explain the curious
tendency of the unit cell size of some nascent Qy phases in
phospholipids to decrease with time at constant temperature
after formation in the presence of excess water.

THEORY

The curvature free energy of the Oy phase with respect to the L, phase is
solely due to the Gaussian curvature elastic energy of the bilayer (4). As in
Siegel and Kozlov (4), we neglect terms arising from monolayer thickness
variations across the unit cell, since these terms are negligible for the
relevant range of ¢ (3). Our approach is to write the expression for the cur-
vature free energy of the bilayer in a Qy; phase in terms of the free energy of
the constituent monolayers. Unlike the treatment in Siegel and Kozlov (4),
we include terms that are third- and fourth-order in monolayer curvature. As
shown in Appendix A (Eq. A17), this results in an expression for the free
energy per unit area of bilayer (fg) of the Oy phase in terms of powers of the
area-averaged Gaussian curvature evaluated at the bilayer midplanes. To
second-order in Gaussian curvature, this expression is
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Sy=c""? / KYdA, (3)
Q-phase

where

where N is the subscript of the dimensionless coefficient, Sy. The value 6 is
the distance between the bilayer midplanes and the neutral surface of the
lipid monolayers. The value 6 can be estimated from x-ray diffraction ex-
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periments, and is 1.3 nm for oleoyl-chain lipids (4). The value K is the
Gaussian curvature of the bilayer midplanes. The value ¢ is the unit-cell
constant of the Oy phase (the length of one side of the unit cell). The
coefficients Sy have different values for the Qy phases corresponding to
different infinite periodic minimal surfaces (/Im3m, Pn3m, and la3d; based
on the P, D, and G surfaces of Schoen (16)). The values of Sy up to N = 8
have been tabulated for Pn3m (3,8), and a method for calculating them for
the other Oy phases from the values for Pn3m is given in Schwarz and
Gompper (3). Values for the three commonly-observed bicontinuous Qy
phases are given in Table 1. Note that the values for Pn3m in Schwarz and
Gompper (3) are for a unit cell twice as large as for the values in Anderson
et al. (8). The values in Anderson et al. (8) and Table 1 are appropriate for
analysis of x-ray data from Qy phases composed of bilayers without
sidedness.

Note that Sy is always < 0, and Sy and S are > 0. The first term on the
right-hand side of Eq. 1 provides the driving force for Oy phase formation.
The value fg is <0 (Qy phase can form spontaneously) when k; > 0 (Eq. 2).
The value k; is <O at low temperatures, and increases with increasing
temperature, because J increases (becomes less negative) with increasing
temperature. (The temperature dependence of J can be thought of as arising
from the increase in conformational freedom of the acyl chains of the lipids
with increasing temperature. Crudely, this tends to make the lipids more
cone-shaped, increasing the relative cross-sectional area of the lipid moieties
relative to the headgroup area.) Let T be the temperature at which «; = 0;
this corresponds to the temperature above which there will be a driving force
for formation of structures with K < 0, like Qy; phases. Because of the
positive second term on the right-hand side of Eq. 1, formation of Qy; phases
will not become spontaneous until a slightly higher temperature (Tg) is
reached, depending on the value of c.

By differentiating Eq. 1 with respect to ¢, setting the result equal to zero
to establish the condition for mechanical equilibrium, and rearranging, one
obtains an expression for the equilibrium unit cell constant in excess water,
ceq (Eq. A18). For purposes of fitting Eq. A8 to the data, it is convenient
to express K; as

Ky = 2km(M *X), (4)
where
K
M=— 5
I 5)
and
52
x=28J, — EJ:. (6)

Then one can express Eq. A18 as

TABLE 1 Values of Sy for different Q, phases

Coefficient D (Pn3m)* P (Im3m) G (la3d)

So 1.91889 234510 3.09144

Sy —4r —8m —16m

S, 100.294 328.270 996.071

S5 —865.936 —4.638.34 X 10°  —2.13526 X 10*
Sy 7.82252 X 10° 6.85733 X 10* 478930 X 10°
Ss —7.28926 X 10*  —1.04583 X 10°  —1.10818 X 10’

In the column headings, the designation of the infinite periodic minimal
surface according to the nomenclature of Schoen (16) is followed by the
space group of the corresponding bicontinuous Qy; phase.

*Results from Anderson et al. (8). The coefficients S,—Ss were calculated
for the other Qy phases using the values for D (Pn3m) according to the
method given in Schwarz and Gompper (3).
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)

where
bh=—222 (8)

For a given composition, M and b are determined by fitting Eq. 7 to plots
of cq versus x, where x is a function only of known quantities, i.e., J and 8.
It is also possible to estimate M if Tk can be estimated experimentally. For
example, Tk should be approximately the temperature at which prominent
isotropic 3P NMR resonances appear as a function of increasing temper-
ature, indicating formation of numerous fusion pores (4). The value of k; =0
at T = T, so from Eq. 4, M is given by the value of x at T = Tk (Eq. 6). If we
know the value of 6 and of J; as a function of temperature, we can estimate
M. However, it is more accurate to determine M from a fit of c.q versus x.

THEORETICAL RESULTS
Expected dependence of c.q on xand T

To model the dependence of c.q on x, we use values of Jy(T),
km, and & for DOPE-Me from Siegel and Kozlov (4), and plot
Ceq for different assumed values of k»/ky. For these cal-
culations, we use a value of M estimated in a fashion similar
to that in Siegel and Kozlov (4).

We assume that the temperature at which Qy phase first
appears in DOPE-Me after long incubations is approximately
equal to Tk. This temperature is ~55°C (5). The value Tk is
the temperature at which k; = 0. Using the values of J; at
55°C (5) and 6 = 1.3 nm in Egs. 4 and 6, we find that for « to
be O at this temperature, M = —0.90. This value is close
to the value of M = —0.83 = 0.1 estimated in Siegel and
Kozlov (4). It will also turn out that the fitted value of M for
DOPE-Me is within 0.6% of this value (see below).

Siegel

In Fig. 1 A we plot the expected value of c.q (Eq. Al8)
against x (Eq. 6) for a DOPE-Me Prn3m phase. In Fig. 1 B we
plot the expected values of c., versus T with the same
assumptions. Initially, the value of c., decreases rapidly for T
> Tk (Fig. 1 B). In practice, sample water content and trans-
port considerations will limit c¢.q at T very close to Tk. The
curves in Fig. 1 (dashed lines) are calculated with different
values of k,/k;,. As discussed in Appendix A, the estimated
range of ky/ky, is 0 < ko/ky, < 48°. We have plotted the
curves for this maximum value, and for three intermediate
values (262, 82, and 82/2). In Fig. 1, A and B, observed values
of ceq for DOPE-Me from Cherezov et al. (5) are also plotted,
as data points. The dotted line in Fig. 1 A is a fit of the DOPE-
Me data to Eq. 7, made with SigmaPlot 8.0 (SPSS, Chicago,
IL). The value of ky/k,, obtained from the fit in Fig. 1 A
is used to plot the expected T-dependence of c.q in Fig. 1 B.

Measurement of M and «,/k,, for DOPE-Me

From fitting the data in Fig. 1 A, we obtain M = —0.90 and
Ko/km = 2.4 nm?. The data seem to follow the functional form
in Eq. 7. The standard error of the fit for M is only 0.5%, and
the error for k,/k;, is 12%. The small variation in M suggests
that rather precise measurements of the effects of exogenous
lipids and peptides can be made using this method, when one
compares C.q for systems containing minor mole fractions of
the exogenous substances with c. for the host lipid. The data
in Fig. 1 A are obtained between 55 and 90.3°C. One might
expect the elastic constants to change over a temperature
interval of this size. Thus it is interesting that if one fits only
the data between 55 and 65°C, one obtains the same values
of ko/ky,, and M, to within 1% and <0.1%, respectively. This
implies that the values of M and «,/k,, are nearly constant

FIGURE 1 (A) Plot of theoretical value of ceq
versus x (Eq. A18) for Q-Pn3m for DOPE-Me
with a value of M = —0.9, as estimated in the
text, using data in Siegel and Kozlov (4) and
Cherezov et al. (5). (B) The value c.q versus
temperature. The dashed curves are for differ-
ent assumed values of k,k,. From top to
bottom, the values of ko/k;, are 482, 28,28 2,
and 62/2. The data points are for DOPE-Me,
from Cherezov et al. (5). The dotted curve is the
fit to the DOPE-Me data using Eq. 7. The fitted
values of the constants in Eqgs. 7 and 8 are
M = —0.901 = 0.004 and ky/k;, = 2.44 = 0.29
nm?.
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over this interval. This is probably true because M and k,/k,
are both ratios of elastic moduli, and the temperature-
dependent change in each modulus tends to compensate that
of the other.

The fitted value of M can be used to calculate the value of
Js at which k; = 0 (Egs. 4-6), and thus to determine the
temperature Tk that corresponds to this value. This yields
Tx = 50°C. Fusion pores are also structures that have K < 0
(4). The value T = 50°C is compatible with the observation
of numerous fusion pores in multilamellar samples incubated
at temperatures in this range, and at temperatures at least sev-
eral degrees below the temperature at which Qy; phase is first
observed (reviewed in (4,5)). The correspondence of the ob-
served and predicted T is another reason for confidence that
the functional form of Eq. 7 is correct. At least for data of this
quality, it seems that only terms in K and K> (S, and S,)
in Eq. A17 are sufficient to explain the observed behavior
of Ceq.

To achieve optimal accuracy in moduli determination
from this sort of data, four experimental measures should be
taken:

First, it is important that the values of c.q be obtained
using samples with a water content in excess of the
water content of the equilibrium Qp phase, so that ¢ is
not constrained to a smaller, nonequilibrium value.
Otherwise, either the Oy phase will not be free to swell
so that ¢ = ¢4, or only part of the sample will be able
to enter the Oy phase, leaving some lipid in phases of
lower water content (L, or Hy). The water content of
a Oy lattice can be estimated from the following
equation, where / is the full thickness of the lipid
monolayers:

¢, =1—24°(I/c) —8m(l/c)’ /3. ©9)

For example, if the total thickness of the lipid mono-
layers is 1.9 nm, then a Qy-Pn3m phase with ¢ = 40 nm
would have a water content of 82% by volume (7). Even
larger values of ¢ have been observed in phospholipid
systems ((10); B. Tenchov, R. C. MacDonald, and D. P.
Siegel, unpublished). Some of the data in Cherezov et al.
(5) may have been obtained with insufficient water
content to permit the Oy phase to swell so that ¢ = c¢q.
The accuracy of the fit in Fig. 1 A is limited by the
scatter in the data, and the scatter is greatest for points
with ¢ > 24 nm. The water content of the samples used
to obtain these data was ~70% (wt) (5). This is less
than the equilibrium water content of DOPE-Me Qy-
Pn3m phases with c.q > 24 nm. Thus, some of the
scatter may be due to small differences in water content
between samples. This emphasizes the importance of
using high water contents (~90%). The samples
should also be thoroughly equilibrated with the water
by numerous freeze/thaw cycles, using a protocol
similar to the one in Cherezov et al. (5).
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Second, data should be obtained over a broad range of

temperatures > Tk starting as close as possible to Tk.
The consistency of the fit across the temperature interval
should be checked. The values of c.q might be >40 nm
at T within several Kelvin of Tk (Fig. 1 B). An appro-
priate detector placement, aperture and resolution should
be employed.

Third, 6 should also be measured, even if one is

comparing the values of M for a host lipid with and
without a low mole fraction of exogenous substance.
The values M and x depend on & (Egs. 5 and 6). Exog-
enous substances such as membrane-spanning peptides
(14) could change Tk and the fitted value of M by chang-
ing &, as well as by changing J; and ky,. (It is unlikely
that 8, M, k,, and J; can be changed independently,
because they all affect or arise from the monolayer
stress profile.) Some membrane-associated peptides
can change the average bilayer thickness of a host lipid
by as much as 4% at a peptide/lipid ratio of 1:100 mol/
mole (17). If a peptide decreased & by a similar fraction
in DOPE-Me, this would decrease the value of x at all
Js. For the purposes of illustration we assume that M,
Js, and k, are all unchanged by the addition of an
exogenous peptide, but that the peptide decreases & by
4%. This change in 6§ would make the value of J
needed to make k; = 0 more negative, and increase Tk
by almost 9 K. If one measured the apparent value of M
from a plot like Fig. 1 A, and assumed the peptide had
no effect on 8, one would underestimate the true value
of M in the presence of the peptide by ~4%. Therefore,
for maximum accuracy in determining M, one should
measure 6 of the host lipid and of the host lipid/
exogenous substance mixtures. This can be done via
x-ray diffraction measurements on the L, phases (17,18).

Fourth, the present treatment assumes that d is independent

of temperature. However, 6 may also be temperature-
dependent. For example, the bilayer thickness of
phosphatidylethanolamines decreases as a function of
increasing temperature. For DOPE, it decreases at a rate
of ~1.3% for every 10 Kelvin increase in temperature
near its L,/Hy phase transition temperature (Fig. 10 of
(19)). If o, the bilayer midplane-to-neutral plane dis-
tance, has the same temperature dependence, this will
affect the value of k,/k, obtained from a fit of c.q versus
x. For purposes of illustration, let us assume that, in
DOPE-Me, 6 decreases with increasing temperature at
the same rate as the total bilayer thickness does in DOPE.
Including this affect in the temperature-dependence of x
(Eq. 6), refitting the DOPE-Me ¢4 datain Fig. 1 Aresults
in a value of ky/k,, that is half as large as the value
obtained from the fit assuming that 6 is constant,
although M is unchanged. Hence, the present treatment
tends to overestimate k,/k;,. Ideally, one should estimate
the temperature dependence of & and incorporate this
dependence into the value of x(7).

Biophysical Journal 91(2) 608-618
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DOPE-Me is a convenient host lipid system because it is
one of very few single lipid-component lipid systems that
spontaneously form the QO phase. In multicomponent lipid
systems, the lipid components may distribute differently
between coexisting L, and Qy; phases, and this distribution
may change as a function of temperature. This complicates
calculation of Jg as a function of temperature. In addition,
Tk and Tg, lie in an easily accessible range for DOPE-Me.

In general, experiments should be done in the heating
direction. When Qy; phases form at high temperatures, there
are more Oy phase unit cells per unit area of bilayer than at
lower temperatures. If a Qp phase formed at a high
temperature is subsequently cooled to a lower temperature,
there may not be enough bilayer area to allow all the unit
cells to swell to the equilibrium size, c.q. Destruction of Oy
phase can be a slow process, since metastable Qy; phases
formed on cooling below T, persist for very long times.

Implications for Q, phase stability

With Egs. 1, 7, and 8, it can be shown that

_a S? —K? 10

“stzso<4xz>’ (10)

where uq is the free energy per lipid molecule of the Oy
phase relative to planar bilayers of the same composition,
and a is the area per lipid molecule at the neutral surfaces of
the monolayers. Eq. 10 is a relatively simple expression for
the free energy of the Qp phase that depends only on
observable quantities. It is valid at T = Tk for systems in
excess water, with ¢ > 12 nm (Appendix A). For compar-
ison, the free energy per lipid molecule in the Hy; phase is (4)

 aky,

o = SLTw))?

where Jy(Ty) is the value of J; at T=Ty, the temperature of
the equilibrium L,/Hy phase transition temperature. Egs. 10
and 11 are plotted as a function of temperature in Fig. 2. This
plot reproduces most features of the observed phase behavior
in DOPE-Me (5) near the lamellar/inverted phase boundary.
In particular, there is a short band of temperatures above T
for which Hyj phase is metastable with respect to Oy phase
between ~50°C and 63°C, in agreement with observations
).

However, Eq. 10 cannot be exact. S% /8280 has the same
value for all bicontinuous Qy; phases based on the D, P, or G
surfaces of Schoen (16), and is equal to ~0.820545 (3).
Hence, Eq. 10 cannot be used to explain why any one of
these phases is preferred over the others in the presence of
excess water. Yet Qp-la3d (G) is seldom observed in excess
water systems. This degeneracy is probably broken by small
differences in the contributions of higher-order terms (K> and
K*) in Eq. A17, differences in free energy due to variations in
bilayer thickness across the unit cell (3), or by other factors,

(1), (11)
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FIGURE 2 Plot of the free energy per molecule of lipid in the Qy-Pn3m
phase (Eq. 10) and the Hy plotted (Eq. 11) in DOPE-Me as a function
of temperature. The Qy phase is the equilibrium phase between ~50°C
and 63°C.

such as differences in interbilayer interactions within the Qy
phase unit cell. In Cherezov et al. (5), it was also observed
that whereas Hy; phase was clearly an equilibrium phase at
T > 66°C, some Qy phase coexisted with Hy at 80-90°C:
this is not predicted by the model in Fig. 2. The same values
of M and k/ky, are obtained from fits of c.q data in the ranges
55-65°C and 55-90°C. This implies that the same free energy
expression applies throughout the 55-90°C interval, so the
discrepancy does not seem to be due to a failure in the model
for the free energy of the Oy phase. The Qy; phase observed
in Cherezov et al. (5) at 80—90°C may not be an equilibrium
phase. In this regard, it should be noted that the samples in
Cherezov et al. (5) were always incubated for 1 h at 55°C
before temperature-jumps. Fusion pores and Qy phases are
extremely hysteretic: it may be that fusion pores formed
during the pore-incubation period later formed Qp phase
when driven together by the rapid and extensive formation
of Hy phase in the high-temperature samples. These
measurements should be repeated without the preincubations
at lower temperature.

Equation 10 was derived in the large-c limit, where the
area of each monolayer neutral plane in a Qy; phase unit cell is
the same as the area of bilayer midplane. In fact these areas
are slightly different (Eq. A3). Formally, the RHS of Eq. 10
should be multiplied by (1+ 87 (K)). Using Eqs. A16 and
A18, it can be shown that for systems in excess water, this
term is identical for Pn3m, Im3m, and la3d Qy; phases of the
same lipid composition at the same value of J;. For Oy Pn3m
phases with ¢ > 15 nm (6/c < 0.087), this term decreases the
value of uq by less than 5%.
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Influence of ky/k,,, on fusion pore energies
and dynamics

When two membrane-bounded vesicles are opposed, the first
structure that allows nonleaky communication of the aque-
ous contents and membrane mixing of the two vesicles is a
fusion pore or interlamellar attachment (ILA (20)). These
structures are also Oy phase precursors (4,21). As in Siegel
and Kozlov (4), it is assumed that the bilayer midplanes of
the fusion pore lie on a catenoid (a minimal surface with
bilayer curvature J = 0). The pore must be distorted from
catenoidal geometry at radii far away form the pore axis to
merge with the planar bilayers at its periphery (referred to
here as a rim). As discussed in Siegel and Kozlov (4), if the
rim is joined to the catenoid at distances sufficiently far away
from the axis, the curvature energies of these rim regions
are <kgT. No such rims are necessary for fusion pore
formation between opposed, convexly-curved surfaces, as in
exocytosis or many other intracellular fusion events. An
equation analogous to Eq. 1 can be written for the curvature
free energy of a catenoidal fusion pore:

Fpore =K / KdA + KZ/ szA (12)
pore pore

The integral [KdA is = —4m (4). In Appendix B it is
shown that in physically relevant cases the integral in K>
reaches a limiting value given by

4 8
t/ﬁm:f<>7 (13)
ILA Iy 15

where r( is the minimum radius of the pore in the plane
perpendicular to the pore axis, evaluated at the bilayer
midplanes. The | K?dA term introduces the pore size into the
free energy expression (Eq. 11). In contrast, in Siegel and
Kozlov, the free energy of a fusion pore was calculated using
only the first term on the right-hand side of Eq. 1, which does
not depend on pore dimensions (4).

To show the effects of different values of k,/k,, on fusion
energy and size, F,or is plotted in Fig. 3 for DOPE-Me at
55°C with the same range of values of k,/k;, as in Fig. 1. In
Fig. 4, Fpor is plotted at temperatures ~T¢ for DOPE-Me,
using the value of k,/k,, = 2.4 nm? determined from the fit in
Fig. 1 A. Formation of fusion pores at T < Tk can take a
substantial amount of energy (e.g., >17 kgT at 35°C; Fig. 4).
Fusion pores are unstable at small values of rq, and there is a
shallow energy gradient driving pore-widening. However,
this gradient is modest: the difference between the values of
Fpore at 7o = 4 nm and 7o = o is only 1-2.5 kgT for this
range of k,/k;,, values. This has implications for biomem-
brane fusion mechanisms. The diameters of nascent fusion
pores may be constrained by the sizes of the fusion
intermediates and of the fusion-mediating proteins. The
driving force for pore expansion that is calculated here is so
small that if fusion machines in biomembranes produce
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FIGURE 3 Plot of the predicted free energy of a fusion pore in DOPE-Me,
Flore, against the radius of the pore at the narrowest point, ro, for different
assumed values of k,/k,,. From top to bottom, the curves are plotted with
Kkofkn = 48%, 267, 8 2, and 8°/2.

fusion pores under conditions where they are not thermody-
namically stable, the pores may not have a chance to expand
before they revert to the precursor structure. This is con-
sistent with the fact that an important role of viral fusion
proteins seems to be to drive expansion of the nascent pore to
larger diameters where it is at least kinetically stable or meta-
stable (22,23).
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FIGURE 4 Plot of the predicted free energy of a fusion pore in DOPE-Me,
Flore, against the radius of the pore at the narrowest point, ro, at different
temperatures. The values are calculated using the value of «/k,, obtained
from the fit to the data in Fig. 2.
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Biomembrane fusion can occur very rapidly at tempera-
tures near 37°C. The high energy of fusion pores near this
temperature in Fig. 4 might give the impression that the
stability of these pores is irrelevant to biomembrane pro-
cesses. It should be noted that the energies in Fig. 4 are for
lipids with the properties of DOPE-Me, which has Tx ~
50°C. (Fig. 1 B). Fusion pore formation is spontaneous at
T > Tk. The value of Tk for mixtures of biomembrane-relevant
lipids can lie in the physiological range, and thus formation
of fusion pores would be favored when biomembranes of
those compositions are apposed under physiological condi-
tions. For example, multilamellar dispersions of DOPC/
DOPE/cholesterol (1/1/1, mol/mol/mol) (24) and egg PC/egg
PE/cholesterol/diacylglycerol (2/1/1/0.1, mol/mol/mol/mol)
(25) form prominent isotropic *'P NMR resonances at 37—
40°C, which indicates the spontaneous formation of fusion
pores and (possibly) Oy phases. In Nieva et al. (25), it was
also shown that vesicles with these lipid compositions fuse
rapidly at the same temperatures, and that the fusion rate
is correlated with proximity to the L,/Qy phase boundary.
Furthermore, peptides representing parts of fusion-mediating
proteins can depress Tk and T relative to the values for the
peptide-free lipids (see Conclusions, below).

Implications for the mechanism of the L,/Q,
phase transition

During the L,/Qy phase transition, fusion pores collect into
arrays to form Qy phases at T > T (4,20,21,26); a process
driven by the high area density of Gaussian curvature in Qy
phases. As more and more fusion pores form in an array of
planar bilayers, they automatically form a square lattice with
the same topology as the Qy-Im3m phase (5,20). More re-
cently, Squires et al. (26) have suggested that there is a direct
route between an array of pores and Qy-Pn3m. Conn et al.
(27) have recently observed evidence of intermediate struc-
tures in L,/Qy; transitions via time-resolved x-ray diffraction.
These may be the postulated ILA array intermediates.

In fact, at least two infinite periodic minimal surfaces exist
that resemble lattices of fusion pores forming within a
multilamellar lattice. Interestingly, the number of ILAs per
unit of bilayer area in the unit cell is different for the two
structures, and the geometries of the two structures suggest
an interconversion of the two as the number density of fusion
pores in the arrays increase. The first such surface, with the
lower density of fusion pores, is one parameterization of the
0-CLP surface found by Schoen (16) and depicted by
Mackay (28). The o-CLP structure is depicted in the top part
of Fig. 5. As noted by Mackay (28), this structure ‘‘shows
the way in which catenoidal bridges may connect almost
parallel sheets as perhaps in the transformation of a layer-
structured lipid to a cubically-connected structure.”” The
second such structure is a family of infinite periodic minimal
surfaces that closely resembles the lattice of fusion pores
suggested in Cherezov et al. (5) and Siegel (20). A member
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FIGURE 5 (Top) One parameterization of the o-CLP surface of Schoen
(16). If the lipid bilayer midplane resides on the surface, it resembles an
array of fusion pores forming between distorted planar bilayers, with the
catenoidal elements being the fusion pores. The front surface of the cell
outlined by white lines is a cross section containing the vertical axes of two
of the catenoidal elements. Illustration from Mackay (28), reproduced with
permission. (Bottom) A member of the S'-S” family of minimal surfaces
identified in Schoen (16), which may also be an intermediate in the
L,/Oy phase transition. The bilayer midplane lies on the depicted surface.
The axes of the component fusion pores are the axis of the entire structure
and the axes of the half-pores on the four sides of the structure. Illustration
from Brakke (29), used with permission.

of this §'-S” family (16), as illustrated by Brakke (29), is
shown in the bottom part of Fig. 5. This structure would arise
from square planar arrays of fusion pores in a multilayer
stack of planar bilayers (the axes of the component pores are
the axis running down the center of the structure and the axes
of half-pores seen on the four sides of the structure). As
fusion pores first form within a multilamellar array, they
must have rims with nonzero bending elastic energy (4,30).
The lowest-energy rims occur when the catenoid extends to
radii that are tens or more multiples of ry (30), and have
curvature energies <kgT (30,31). Pores can lower their
curvature energy (eliminate the rims) by aggregating so as to
form minimal surface structures like the o-CLP and S’-S”
structures. Such structures may form in sequence during the
L./Qy phase transition as the number of pores increases in a
multilamellar stack. The dimensions of the initial lattices
should reflect the dimensions of the pores from which they
assemble, and hence the value of ry. Two adjoining layers of
pore-connected lamellae are required to form the nascent Qy
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phase-unit cell (5,20,26). How big will these precursor
lattices be?

The value of F,or changes very slowly with r for ro > 6
nm (Figs. 3 and 4). Using the value of x, measured here for
DOPE-Me, Fpq is only about one-half kgT larger at 7y = 6
nm than for ry = . Thus, ry will be generally be = 6 nm,
but probably not much larger. Since 90% of the favorable
Gaussian curvature energy of a fusion pore is contained
within a radius = 2.3 r (Appendix B), it is unlikely that the
radius of the catenoidal elements of the fusion pore array will
be much smaller than 2.3 r,. At this radius, the height of the
pore is ~3 ry, or ~18 nm. Hence, the initial lattice constant
for a structure like the pore array in Cherezov et al. (5) and
Siegel (20) would be ~36 nm. A similar size is estimated for
an S’-S"” surface-based structure: if the radii of the smaller
channels in the S'-S” surface are the same size as in the pores
from which they assemble, the structure in Fig. 5 would be
~8 ro wide and nearly 6 r tall, which leads to an estimated
initial value of ¢ of 3648 nm. For DOPE-Me, these values
are comparable to the largest values of c.q observed for
DOPE-Me near T, and considerably larger than values of
Ceq at higher temperatures (Fig. 1 B). The nascent Qy lattice
can reduce its energy by shrinking in size, which increases
the area density of Gaussian curvature. This may explain the
curious observation that, after temperature jumps to a con-
stant temperature, nascent Oy lattices tend to shrink with
increasing time when they are first developing (5).

The large initial water content of a multilamellar array
with a large number of fusion pores may also rationalize the
curious effects of different solutes on the kinetics of Qg
lattice formation from the L, phase (10). The local water
content of a multilamellar lattice containing fusion pores is
very large, because of the large local separation between the
bilayers imposed by the pores. Using the parameters
estimated in the previous paragraph, the water content is
~80%. Differences in solute composition that reduce long-
range attractive forces between planar bilayers, and hence
encourage expansion of the lamellar lattice, probably lower
the energetic barriers to pore formation, and increase the rate
at which they can aggregate laterally within the lamellar array.

CONCLUSIONS

The values M and k,/k,, can be determined by x-ray dif-
fraction studies of the Oy phase in excess water at T > Tq,. It
should be possible to determine the effects of small mole
fractions of peptides and exogenous lipids on M of a host lipid
to within a few percent. It has been suggested (13) that the
moieties of fusion-mediating proteins act in part by increasing
the value of k, since this elastic modulus has substantial
effects on the energy needed to create fusion intermediates
(11). The value of k also determines the stability of the fusion
pore itself (i.e., k can determine whether there is a net driving
force for membrane fusion under given circumstances (4)).
Because of their role in protein-catalyzed membrane fusion,
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fusion peptides and transmembrane domains of fusion-
mediating proteins would be excellent candidates for such
studies. Fusion peptides have long been known to lower Tk
and lower the temperature at which fusion occurs in lipid
systems (reviewed in (13)), and as noted in Theoretical
Results, reductions in T most likely correspond to increases
in M. It has also been shown that membrane-spanning
peptides lower the temperature at which Qy; phases form (Tg)
(14). Accordingly, the membrane-spanning peptides of viral
fusion proteins have been shown to induce liposome fusion in
systems containing no other proteins (32-35).

The analysis also shows (Egs. 5 and 6) that membrane-
associated peptides can affect fusion pore and Qy phase
stability through small effects on 8, which can accompany
changes in bilayer thickness. This may explain some of the
On-phase stabilizing features of membrane-spanning pep-
tides, and perhaps some features of what has been called the
hydrophobic mismatch effect in Oy phases (e.g., (14,
36-38)). Peptides that increase 6, if they had no effect on M,
would increase (make less negative) the value of J; required
to make k; = 0 (Eq. 6). This would, in turn, decrease the
apparent Tg relative to that of the pure host lipid. Thus, it is
possible that this is one factor underlying the curious ability
of membrane-spanning peptides that are longer than the host
lipid bilayer thickness to decrease T, (14,38).

To our knowledge, the present technique is the first
experimental method for measuring the contributions of
higher-order elastic terms (initially, k,/k;,) to the stability of
O phases and fusion pores. For Oy phases, the analysis also
results in a simple form for the free energy of the Oy phase
versus the L, phase in excess water, based only on
measurable quantities (Eq. 10). This relationship, and knowl-
edge of higher-order curvature effects, may prove useful in
understanding the stability of other inverted phases, and of
curved membrane structures in biomembranes like fusion
intermediates, fission intermediates, and organelles of com-
plex topology (12,39,40).

APPENDIX A

The midplanes of the bilayer lie on a surface whose curvature J at any
point = 1/R; + 1/R, and whose Gaussian curvature K = 1/R{R,, where R,
and R, are the principal radii of curvature of the surface at the given point.
Both monolayers of the bilayer are assumed to be identical in composition,
and the neutral plane of the monolayers lies a constant distance & from the
bilayer midplanes. The spontaneous curvature of the lipid is /5. The monolayer
curvature and Gaussian curvature evaluated at the neutral surfaces are J;, and
Jou, and K, and K, respectively, for the two monolayers of the bilayer.
The area of the bilayer midplanes is A, and those of the two monolayers are
Ai, and A,y For catenoidal fusion pores and bicontinuous Qy phases, the
bilayer midplane lies on a minimal surface, where J = 0. As in Siegel and
Kozlov (4) and Shemesh et al. (39), the curvature and Gaussian curvature of
the monolayers can be expressed in terms of the curvature and Gaussian
curvature of the bilayer midplanes:

26K

Jou :Jin =
‘ 1+8K

(A)
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K
Kow =Kin = ———, A2
' 1+ 6K (A2)
Ao = Ay = A(1 + 6°K). (A3)

The bending energy of the monolayers to fourth-order in curvature is given
by (39)

k 2
ﬁ:Ai(zm(Ji—Js) +kKi+f 1), (A4)
where the subscript / indicates the monolayer identity (inner or outer). The
values k;,, and k are the monolayer bending modulus and Gaussian (saddle
splay) curvature moduli; respectively. The values f3 and f; are the terms that
are third- and fourth-order in monolayer curvature, respectively (39,41):
3 4 2 =2
Ltfa=nJ] + K+ +nJ K+ kK. (AS)

The coefficients 1; and x are unknown. The free energy of the bilayer per
unit area (A = 1 in Eq. A3) is

fo = (1+&K)(fo + four)-

By substituting Eqs. A1-A3 into Eqs. A4-A®6, f becomes

(A6)

fo = {2k — 48kyJ, + 8k } K] + {487k, + 48m, + 2k}

K’ : ) ’
X |——==| +{166°n, + 86 ———
[1 +62K} { ™ N4} [(1 +82K)2:|

4
+ (328"} |- A

{ 773}[(1 +52K)3] (A7)
In Eqgs. A4 and A5, we have expressed the monolayer curvature energy in
terms of monolayer curvature up to the fourth order (e.g., JZ, Ki, J3,
J2K;, J¢, K?). On minimal-surface-based structures, the monolayer curva-
tures J; and K; are both proportional to K when expressed in terms of cur-
vature at the bilayer midplane (Eqgs. Al and A2). Hence, to make Eq. A7
consistent with our choice of considering only terms up to fourth-order in
monolayer curvature (Eq. A4), we should retain terms up to K* in Eq. A7.
Thus, we express the terms containing K>, K, and K* in Eq. A7 as series
expansions, and retain only terms up to K* in the results:

KZ
k™ K(1-8K+6'K) =K — 8K +86'K",
(A8)
K’ K’ s )
(1+8K)  1+28K+8'K’ ( )
=K’ —28°K*, (A9)
K* K*
- ~K' (Al0
(1+8K)  (1+38°K+36'K* +6°K”) (A10)
Substituting these expressions into Eq. A7 yields
fo = kKK + K + kK + kK (A11)
where
Ky = 2K — 48k ] + 8k’ (A12)
Ky = 487k + 48m, + 2k (A13)
Ky = 16837;1 + 862174 — 8k, (A14)
Ky = 326", + 8k, — 287k, (A15)
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The area average of Eq. All is the energy per unit area of bilayer in the
Oy phase. The integrals of K™ over a unit cell of the Qy; phase for values of
N up to 8 have been calculated (3,8) in terms of ¢, the length of the side
of the cubic unit cell. The integrals were calculated in the form

1
/KNdA = FSN7

where the values of the coefficients Sy are dimensionless constants, and have
different values for the Oy phases corresponding to different infinite periodic
minimal surfaces, i.e., Im3m, Pn3m, la3d, based on the P, D, and G surfaces
of Schoen (16). Note that the values for Pn3m in Schwarz and Gompper (3)
are for a unit cell twice as large as for the values in Anderson et al. (8). The
values in Anderson et al. (8) are appropriate for analysis of x-ray data from
Oy phases composed of bilayers without sidedness. Values for the three
commonly-observed bicontinuous Qy; phases are given in Table 1. The area
of the membrane in a unit cell of Qy phase is Soc?, and the area average
fKNdA/A is SN07<2N’2)/S002 = SN/SOCZN. Thus, the area average of Eq. A1l

over the unit cell is given by
1 n S3| (1
— K| = [ =
C 4 } So 66

Si| /1 S,
==z trl|c
S() C 2 S()

The values of the elastic moduli k; can be determined from observed values

el (3)

Ky SO C8 .
of ¢ as a function of J, which is in turn a function of temperature. The value
of ¢ that minimizes the free energy in Eq. A17 in the absence of any
restriction on the extent of swelling of the phase will be the equilibrium
value of the unit cell constant in excess water, ceq. The value of cq is found
by differentiating Eq. A17 with respect to c, setting the result equal to zero,
and rearranging. However, this yields a sixth-order polynomial in c.q. To
minimize the number of parameters in fitting observed values of c.q, we wish
to test whether using only the first two terms in Eq. A17 (expressing the free
energy of the Oy phase bilayer only in terms of K and K?) generates an
adequate fit to the data. Since the values of 7; in Egs. A13-AlS5 are in
general unknown, the adequacy of this approximation cannot be predicted.
However, it can be shown that the approximation for the K> term in Eq. A8 is
appropriate: using the tabulated values of Sy, it can be shown that the area
average of K*/(1+6%K) is equal to the area average of K> to within 10% for
¢ > 12 nm, which is the case for all of the DOPE-Me data used here to test
the model. (For most of the data points, ¢ > 17 nm, for which the error is <5%.)
Retaining only the first and second terms in Eq. A17 yields a simple

expression for ceq:
2K2S2
Coqg = \] — .
g K]S]

The value S; is < 0, and we expect that k, is > 0, since this is necessary to
impose an equilibrium value of ¢ in Qy; phases. If one uses only the K term in Eq.
A17, one obtains the awkward result that the Qy; phase should shrink indefinitely
(4). The known or estimated values of components of k, (Eq. A13) are consistent
with this expectation. The first term on the right-hand side of Eq. A13 is positive.
The ratio of this term to ky, is 46% = 7 nm?, while the ratio of kappa double-bar to
ks estimated to be ~—3 nm? (39). This suggests that 0 < k,/ky, < 7 nm?. The
value of Kk, obtained from the data in Fig. 1 A for DOPE-Me (+2.4 nm?) is
consistent with this. The fitted value of k., also indicates that

(A16)

(A17)

(A18)

M ~ —2 nmz
km '

APPENDIX B

An expression analogous to Eq. A11 can be written for the total energy of a
fusion pore with respect to the same area of planar bilayer.
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Using the same notation as in the Appendix of Kozlovsky and Kozlov
(40), the catenoid is described by

sin(g) =2,

r

(A19)

where r is the radius from the axis, 7o is the minimum radius of the pore
evaluated at the bilayer midplanes, and ¢ is the tangential angle of the surface
profile. Let ¢}, be the tangential angle where the catenoid merges with the
rim that adapts it to the surrounding planar bilayers. The integral of K over a
catenoid that is symmetric across the plane perpendicular to the axis can be
shown to be

2 Pb
/ KdA = -7 / sin’ (¢)dg =
catenoid r() T—Py

4_77 [Sin4(¢b)cos((ﬂb) + 4cos((pb){sin2(g0b) +2}
2 5 15

Ty

(A20)

Ninety-nine percent of the value of the integral in Eq. A20 is concentrated
within the region 33° < ¢ < 147°, which corresponds to » < 1.8 r(. In
contrast, the Gaussian curvature of a fusion pore is given by (40)

/ KdA = —2mr(cos(¢,) — cos(m — ¢@,))
catenoid

= —4rcos(¢,). (A21)
With Eq. A21, it can be shown that 90% of the Gaussian curvature, and hence
90% of the favorable Gaussian curvature energy for pore formation, lies
within an area given by 26° < ¢ < 154°, which corresponds to r < 2.3 rq.

Note added in proof: Equation 10 only expresses the curvature energy
difference between the L, and Qy phases. For better accuracy, Eq. 10
should include a term describing the difference in interbilayer attractive
forces in the two phases, as well. The size of this term can determine the
value of T, relative to Tk and may distort the c.q versus T curve at low
temperatures (Fig. 1 B). This term is small for lipids like DOPE-Me, but
some other lipids have large bilayer-bilayer adhesion energies. Calculations
suggest that the measured adhesion energies of phosphatidylethanolamines
(PEs), for example, are large enough to make Qy phase unstable (D. P.
Siegel, unpublished results), so that wq is either >0 or >uy at all
temperatures in excess water. This could explain the absence of sponta-
neous Oy phase formation when PE systems are heated. The effects of the
adhesion energy term on Qyp phase behavior will be discussed in a
subsequent publication.

The author is very grateful to M. M. Kozlov for illuminating discussions
and for comments on a draft of the manuscript.
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